Algebra Review

ALGEBRA REVIEW

In algebra, letters or variables are used to represent numbers. A variable is

‘defined as a placeholder, which can take on any of several values at a given time.

A constant, on the other hand, is a symbol which takes on only one value at a
given time. A term is a constant, a variable, or a combination of constants and
variables. For example: 7.76, 3x, xyz, 5z/x, (0.99)x? are terms. If a term is a com-
bination of constants and variables, the constant part of the term is referred to as

the coefficient of the variable. If a variable is written without a coefficient, the
coefficient is assumed to be 1.

EXAMPLE ’
32 .. P
coefficient: 3 coefficient: 1
variable: x variable: y

An expression is a collection of one or more terms. If the number of tefms
is greater than 1, the expression is said to be the sum of the terms.

JEXAMPLE

9, 9xy, 6x + x/3, 8yz — 2x

An algebraic expression consisting of only one term is called a monomial, of
two terms is called a binomial, of three terms is called a trinomial. In general, an
algebraic expression consisting of two or more terms is called a polynomial.

1. Operations with Polynomials

~ A) Addition of polynomials i is achieved by combining like terms, terms which

differ only in their numerical coefficients. E.g.,
P(x) = (x2—3x + 5) + (4x% + 6x - 3)

'Note that the parentheses are used to distinguish the polynomlals

By using the commutative and associative laws, we can rewrite P(x) as:
P(x) = (x2 + 4x%) + (6x — 3x) + (5 -3)

Using the distributive law, ab + ac = a(b + ¢), yields:
(1+4)2+(6-3+(5-3)=5x2+3x+2 %

B) Subtraction of two polynomials is achieved by first changing the sign of
all terms in the expression which is being subtracted and then addmg this
result to the other expression. E.g.,

(5x2 + 4y? + 322) — (dxy + Ty2 - 322 + 1)
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\ =5x2+dy? + 322 —dxy — Ty2 4 32 1
=(5x) + (42 - Ty)) + (322 + 322) — dxy — 1
e = (5x2) + (—3y2) +(62%) — dxy — 1

l C) Multiplication of two or more polynomials is achieved by using the laws

of exponents, the rules of signs, and the commutative and associative laws

of multiplication. Begin by multiplying the coefficients and then multiply
the variables according to the laws of exponents. E.g.,

0% ) &2 (2) (22)

=M O 1)@ 06706702 @
= 60[0% (°).0)] [ )]

= 600°) (=)

= 60 y°23

D) Multiplication of a polynomial b

each term of the polynomial by
E.g.

¥y a monomial is achieved by multiplying
the monomial and combining the results.

(@32 + 3y) (6x22)
= (43) (6x22) + (3y) (6x22)
; = 243372 4+ 18xy2?

E) Multiplication of a polynomial by a polynomial
. ing each of the terms of one polynomial by each
polynomial and combining the result. Eg.,

Gy+z +1) 2+ 2y)

[(59) 67 + (5y) @] + [(2) 07 + @@+ D) 0H+Q) 2] -
= (5 +10p?) + 022 + 2y2) + (2 + 2y)

= (5) + (1072 + y2) + (4%2) + (292) + (2y)

:Sy_3 + 11y%+ y22 + 2yz + 2y

is achieved by multiply-
of the terms of the other

F) Division of a monomial by a monomial
— ~———constantcoefficients and the vari
ing these quotients. E.g.,

is achieved by first dividing the-
able factors separately, and then multiply-

c

6xyz? + 2y27 - : E
= (6/2) (/1) Gy?) (21y)
= xy"lz

= 3xzfy
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G) Division o

f a polynomial by a polynomial .is achieved by following the

given procedure called Long Division.

Step 1:
Step 2:
Step 3:

Step 4:

Step 5:

dividend remainder

i div

The terms of both the polynomials are arranged in order of as-
cending or descending powers of one variable.

The first term of the dividend is divided by the first term of the
divisor which gives the first term of the quotient.

This first term of the quotient is multiplied by the entire divisor
and the result is subtracted from the dividend.

Using the remainder obtained from Step 3 as the new dividend,
Steps 2 and 3 are repeated until the remainder is zefo or the
degree of the remainder is less than the degree of the divisor.

The result is written as follows:

= quotient + divisor = 0

isor- divisor

eg. (xX2+x+6)+ (x+1)

2x-1 -

x+1 /2x2+ X6
'—!2x2+2x!

The resultis (222 +x +6) + (x + 1) = 2x— 1+ —

—x+6

=(-x-1)

7

7
x+1

Drill 1: Operations With Polynomials

_ Addition

=

1. 9a%b+3c+2a%h + 5¢c =

(D) 32m®n®

© Ay 19a%c e (YT BT O () 1ath2 4 B
(D) 19a%b?c? (E) 12a%b+ 8¢
2. 14m2n® + 6m?n3 + 3m?n® =
(A) 20m?n3 (B) 23m®n® : () 23m*n3

(E) 23mBn?’

99



L]
ul_-zg': Math Builder for Standardized Tests

B 3x+ 2y + 16x+3z+6‘y~:

(A) 19x+ 8y (B) 19x+ 11yz (GO 19x+8y+3z
©) 1ig+19% () 30xz

4.  (4d’+ 7€+ 12f) + (3% + 63+ 2f) =

(A) 23d2e3f (B) 33d%?%f (C) 33d%efr2

(D) 7d%+13e* + 14f (B) 23d%+ 11e3f

5. 3ac®+ 2b% + Tac? + 2ac*+ bc =
(A) 12ac? + 3b2% (B) 14ab’c? (C) 1lac? + dabc
(D) 15ab2c2 (B) 15a2btch
Subtraction
6. 14m?n — 6m2n =
(A) 20m’n (B) 8min  (C) 8m (D) 8 (E) 8m*n?
7. 3x%y?—dxz - 6132 = 3
(A) —Tx%y2 (B) 3x%y2 - 10x%y2; - ©) -3x}?2—_dx;
(D) -x%% - 6x%? (B) -Txyz '
8. 9g2+6h-2g2_5h=
(A) 15g%h—7g%h (B) 7g*h? (©) 11g2+7h
(D) 11g%2-7hn? B 7g2+h
9. TBP—4c? 663132 =
(A) b3—¢2 (B) . — 1162~ 3¢ (©) 1363-¢

. T h-c o mTg e e
10. 11¢% —4g% —8q%r = ‘
(A) 2247 e (B)girgy ©) 24

e g g (BE) 24

Multiplication

11, szt*g,pzt;—_
(A) 15p%  (B) 15p% (C) 152 (D) 8p% (B) 8p*?
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12. (2r+s)14r=
(A) 28rs (B) 28r%+ 14sr (C) -16¢2 + 14rs
(D) 28r+ l4sr (E) s17r%s

13. (4m+p)(Bm-2p)=

(A) 12m? + 5mp + 2p? (B) 12m?—2mp + 2p? (C) Tm-p

(D) 12m-2p (B) 12m?—5mp - 2p?

14. (2a + b) (3a% +ab + b?) =

(A) 6a®+ 5a%b + 3ab? + b? (B) 5a3+ 3ab+ b3

(©) 643+ 2a% + 2ab> (D) 3a2+2a+ab+ b+ b2

(E) 6a*+ 3a?b + 5ab*+ b?

15, (@2+2t+ 3= _
(A) 92 +5t+3 (B) 182+6t+3 (C) 98 + 6 +3¢
(D) 183 + 62+ 3t (B) 122 + 662 + 3¢

- -

Division

16 (x2+x-6)+(x-2)=

(A) x-3 : @) x+2 (€ x+3 ") x=2 - (B) 2042
17. 24b*c3 + 6b%c = e e V' e ,
(&) ‘Bp2c2 ) (B) 4 (O 2 (D) 4P (B) 3
18. @p*+pg-2¢)+(p+q= :

(A) 3p+2q (B) 29-3p (©) 3p-g¢

(D) 2g+3p SOy 29 0 o 0 e o,
19. (P-2-y+2)+(y-2)= :

@) =192 (B) »-1 O 0+2)(y-1)
(D)S (vt 1) = S (B) OBl = 2) -

20, (m2+m-14)+(m+4)=

(A) m-2 (B) m-3+ = - (©) m-3+ 4
i 7 : m+4 /) m+4

D) m-3 E) m-2+—
(/) s : 9 Masy m+4
101
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2.

13

sions.

below.

102

Simplifying Algebraic Expressions

To factor a polynomial completely is to find the prime factors of the poly-

nomial with respect to a specified set of numbers.

The following concepts are important while factoring or simplifying expres-

The factors of an algebraic expression consist of two or more algebraic

expressions which when multiplied together produce the given algebraic
expression.- :

A prime factor is a polynomial with no factors other than itself and 1. The
Ieast common multiple (L€M) for a set of numbers is the smallest quan-
tity divisible by every number of the set. For algebraic expressions the least

common numerical coefficients for each of the given expressions will be a
factor.

The greatest common factor (GCF) for a set of numbers is the largeét factor

.that is common to all members of the set. For algebraic expressions, the

greatest common factor is the polynomial of highest degree and the largest
numerical coefficient which is a factor of all the given expressions.

Some important formulae, useful for the factoring of polynomiass, are listed

a(c+d)=ac + ad_
(a+b)(a=b)=a2-p? _

(@ + Bz + B)=(a + B = 2 $54EHEL.
(@a-b)(@a- b)=(a- b)2=a?—2ab+ b2
(x+a) (X +b)=x2+(a+byx+ab '
(ax +.b) (cx + d) = acx® + (ad + be)x + bd
(@+b)(c+d)y=ac+ bc+ad+bd _

(@ +b)(a+b)(a+b) =(a+b)=a3+3a2b+ 3ab?+ e s oy

(@a- b)(a= b)(a- b) =(a— b)3=a®—3a% + 3ab?— b3,
(a= b) (@ +ab+ ) = a>— b3 '
(@+b)(@®—ab+b?)=a3+ b3

(@+b+c)=a?+b2+c2+2ab + 2ac + 2bc

(a—b) (@ +a% + ab® + b3) = a* — b*_

(a—b) (a* + a% + a?b? + ab? + b%) = 5 — b3

(@=b)(a®+a*b + a3b% + a2 + ab* + b) = ab — b6



\

Algebra Review

(@a-b)(@-'+a"-2b+a" -2+ ..+ab'" 24+ b"- V) =g b
where n is any positive integer (1, 2, 3, 4, ...). :
(@+b)(@-'-a"-?b+a'-3p2—...—ab"~2+ b -1)=g"+ b

where n is any positive odd integer (1, 3, 5, 7, ...).

lows:

The procedure for factoring an algebraic expression completely is as fol-

Step 1:  First find the greatest common factor if there is any. Then exam-

ine each factor remaining for greatest common factors.

Step 2: Continue factoring the factors obtained in Step 1 until all factors

other than monomial factors are prime.

N

EXAMPLE
Factoring 4 — 16x2,
4 - 1632 =4(1 - 4x2) = 4(1 + 2x) (1 — 2)

PROBLEM

Exp:éss each of the following as a single term. .

(A) 3x2 + 2x2— 42 (B) 5axy?— Taxy? - 3x?

SOLUTION
(A) Factor x? in the expression.

34224 (3+2-4pP= 12 =2
(B) Factor xy? in the exﬁrcssion and then factor a.

Saxy? - Taxy?-3xy? = (S5a- Ta - 3)xy?

= [5-7a-31y? :
o = (~2a-3)y
PROBLEM :
Bt o
Simplify -'-"'-—L‘—z-_l_ B
2 x—2 x-3
SOLUTION

Simplify the expression in the numerator by using the addition rule:

¢ _ad+bc
d bd

a
l’-'_+
b

103
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Notice bd is the Least Common Denominator, LCD. We obtain

(x=2)2(x-1) _

-1

(x-1)(x-2)

in the numerator.

(x-

C

)(x-2)

Repeat this procedure for the expression in the denominator:
(x-3)-(x-2) {

=1

(x-2)(x-3)

We now have

G
)

2

(x=-2)(x-3)

r €

which is simplified by inverting the fraction in the denominator and multiplying
it by the numerator and cancelling like terms

-1

(x=2)(x-3) S =3

(x-1)(x-2)

-1 e

Drill 2: Simplifying Algebraic Expressions

1
(A)
D)
2.

(A)
D)
3.

(A)

D)

N

4,
(A)
(D)

104

1662 -2522= -
(4b - 5z2)2
(16b - 25z2)?

R gis.

(x—4)
(x—4) (x+2)

2¢? + 5cd-3d% =

(c=3d) (c +2d)
¢ + d) (c + 3d)

48 -20t=

4t (2 -5)
2t(2¢2 - 10)

(B)
(E)

®)
®
®)
®

(B)
(E)

(4b + 5z)? .
(5z- 4b) (5z + 4b)

(x—6)(x-2)
x-4)(x-2)

2c - d) (c + 3d)
Not possible

4¢%(¢ - 20)
Not possible

(C) (4b— 52) (4b + 52)

© x+4)x-2)

©) (c-d)(2+3d)

©) 4@+ (-5
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2+xy—-2y2=

@ (x=2y) (x + )
(x +2y) (x=)

(£-2) -y
@ Not possible

(D) E+2) G +y)

6. 5b2+17bd + 642 =
(A) (5b+d) b+ 6d) (B) (5b+2d) (b + 3d) (C) (5b-2d) (b-3d)
(D) (5b-2d)(b+3d) (E) Not possible
T, xex+l=
(A) (x+1) . B) x+2)(x-1 C) x-2)x+1)
D) x+1)Ex-1 (E) ‘Not possible :
8.  322+6z=
(A) 3(23 +22) (B) 37%(z+2) " (C) 32(z2+22)
D) z2(3z +6) ‘ (E) 3z%(1+22)
9.  m2p®+mpg— 632‘;—-
(A) (mp + 3g) (mp - 2g) ®B) mp(mp —2g) (mp +3q)
(©) mpqg(1-6q) (D) (mp +2q) (mp + 3q)
(E) Not possible
10.  2K3 + 2% — 4hP =
(A) 203 —1) (h + 1) (B) 2h(h—21)? (C) 4h(hi - )
(D) 2h(h + 1) - 4hP2 (B) 2h(h+26) (h—1)
3. Equations
An equation is defined as a statement that two separate expressions are
equal.

tion since 3(6) =

A solution to the equation is a number that makes the equation true when it
is substituted for the variable. For example, in the equation 3x = 18, 6 is the solu-

18. Depending on the equation, there can be more than one

solution. Equations with the same solutions are said to be equivalent equations. An

equation without a solution is said to have a solution set that i the empty or null
set and is represented by ¢.

Replacing an expression within an equation by an equivalent expression
will result in a new equation with solutions equivalent to the original equation.

105
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Given the equation below
x+y+x+2=15
by combining like terms, we get,

3x+y +x+2y=4dx+3y

Since these two expressions are equivalent, we can substitute the simpler form

into the equation to get’

4x + 3y = 15

Performing the same operation to both sides of an e

quation by the same

expression will result in a new equation that is equivalent to the original equa-

tion.
A) Addition or subtraction
. y+6=10 - :
we can add (- 6) to both sides
y+6+(=6)=10+(-6)
2 | to gety + 0 = 10 — 6; therefore y = 4.
o
B) Multiplication or division
* ' 3x=i6
3x/3 = 6/3
x=2
3x = 6 is equivalent to x = 2.

C) Raising to a power

a=x%
a? = (x%)?
gy

This can be applied to negative and fractional powers as well. E.g.,

: x2; 3)’4

(x?)2= (3),4)-2

e
(x2)2 (3y4)2
s ol
x* 9y8

106

" If we raise both members to the — 2 power, we get
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If we raise both members to the !/, power, which is the same as
square root, we get:

(x2)/2 - (3yH)12
X = N‘Eyz

taking the

L) 13

D) The reciprocal of both members of an e
nal equation. Note: The reciprocal of zero is undefined.

204y 5 2 2
z 2 2x+y 5
PROBLEM

Solve, justifying each step. 3x — 8 = 7x + 8.

SOLUTION

3x-8=T7x+8
Adding 8 to both members, 3x—8 +8=7x+8+8
Additive inver%e property, ¢ 3x+0=7x+16
Additive identity property, 3x=7x+ 16
Adding (- 7x) to both members, x-Tx=Tx+16=7x
Commuting, —4x=Tx-Tx + 16
Additive inverse property, : —4x=0+16
Additive identity property, -4x =16
Dividing both sides by - 4, 4 x =16,

x=-4

'Check: Replacing x by — 4 in the original equation:

3x—8 = 7x+8

3(-4)-8 = 7(-4)+8
S g ~28+8
—90 = =99

Linear Equations

A linear equation with one unknown is one that can be put into the form ax +
b =0, where a and b are constants, a = (.

To solve a linear equation means to transform it in the form ql =i

107
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A)  If the equation has unknowns on both sides of the equality, it is convenient
to put similar terms on the same sides. Ep.
dx+3 = 2x+9
4x 13-y =9y 109y
(4x-2x)+3 = (2x—-2x) + 9
26+3 = 0+9 ‘
2¢+3-3 =0+9-3
2x =6 :

2/, = 6],
x = 3.

B) If the equation appears in fractional form, it is necessary to transform it,
using cross multiplication, and then repeating the same procedure as in A),

we obtain: c
X Ix+ 47 = Jx 3.2
] 3 5

By uging cross multiplication we would obtain:
3(7x + 2) = 5(3x + 4).
This is equivalent to:
21x + 6 = 15x + 20,
which can be solved as in A):.,
21x+6 = 15x+ 20
21x-15x+6 = 15x—15x+20
6x+6-6 = 20-6

6x;: = w14
x =i14/5
X = 7/3

C) If there are radicals in the equation, it is necessary to square both sides and
then apply A) .~ : ; _ e G

V3x+1 =5

(Vax+1)® = 52 L
sl Bl :
St 1=1 hs=

108
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el
¥ 24/3
x =8

PROBLEM .

Solve the equation 2(x + 3)=(@Bx+5)-(x-5).

SOLUTION

We transform the given equation to an equivalent equation where we can

easily recognize the solution set. o

2(x+3) = Ix+5-(x-5)

Distribute, : 2r+6 = 3x+5 -x+5
Combine terms, . 2X+6 = 2x+ 10
Subtract 2x from both sides, GEm= 10

< Since 6 = 10 is not a true statement, there is no real number which will

make the original equation true. The equation is inconsistent and the solution set
is ¢, the empty set.

PROBLEM

Solve the equation 2(%/5 y + 5) + 2(y + 5)=130.

SOLUTION

The procedure for solving this equation is as follows:
. Yy+10+2y+10 = 130, : Distributive property
. Yy + 2y +20 = 130, Combining like terms
Iy + 2y = 110, Subtracting 20 from both sides

Yay + Sy = 110, Conve_rting 2y into a fraction with  _

denominator 3 ;
110,  Combining like terms
33, Dividing by 19/,

Check: Replace y by 33 ini the original equation,

10/3),-
y= 110 - 3/10

2(/333) + 5) +2(33 +5) = 130
222 +5)+2(38) = 130
2Q27)+76 = 130
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54 +76

130
1305 = 130

Therefore the solution to the given equation is y = 33,

Drill 3: Linear Equations

Solve for x:

1k 4x -2 =10

A -1

By 20 (O (D) 4 ® 6

2. Tz4+1-2=22-7

Ay =2 B) 0 © 1 ) 2 E) 3
3. UeBaas Uy :

(A) 1/2 @), 2.1 © 335 (D) 6 (E) 18
4. 04p+1=07p-2« =

(A) 01 (B) 2 @) = despp gt 00
5. 4(3x+2)-11=3(3x-2) | :
@A) -3 B 1@ 2 Byssssil s o E) 7

4. Two Linear Equations

Equations of the form ax + by

= ¢, where a, b, ¢ are constants and a, b=0 are

called linear equations with two unknown variables.

 There are several wa

ables:

Method 1:

Method 2:

110

ys to solve systems of linear equations in two vari-

Addition or subtraction — if necessary, multiply the equations by
numbers that will make the coefficients of one unknown in the
resulting equations numerically equal. If the signs of equal coeffi-
cients are the same, subtract theequation, otherwise add.

The result is one equation with one unknown; we solve it and sub-

stitute the value into the other equations to find the unknown that
we first eliminated.

Substitution — find the value of one unknown in terms of the other,
substitute this value in the other equation and solve.
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Method 3: Graph - graph both equations. The point of intersection of the
drawn lines is a simultaneous solution for the equations and its

coordinates correspond to the answer that would be found analyti-
cally. j

If the lines are parallel they have no simultaneous solution.

| : Dependent equations are equations that represent the same line, therefore
| every point on the line of a dependent equation represents a solution. Since there

is an infinite number of points on a line there is an'infinite‘number of simultane-
ous solutions, for example

A 1y D
{2x+y=8 \4\

4x+2y=16 oL \Xty=3

The equations above are I
dependent, they represent the -
same line, all points that sat-
isfy either of the equations are ;
solutions of the system.

A system of linear equa-
,. | tions is consistent if there is
g only one solution for the sys-
tem.

‘. : ; A system of linear equations is Jdnconsistent if it does not have any solu-
| tions. ' :

| ;
*[; Example of a consistent system. Find the point of intersection of the graphs
| of the equations as shown in the previous figure

‘“ : x+y=3,
| 3x-2y=14

To solve these linear equations, solve for y in terms of x. The equations will
be in the form y = mx + b, where m is the slope and-b is the intercept on the y-axis.~ . =

|

f

e x4y
| .

|

=543
Y= 3—x ~ subtract x from both sides B,
3% -2y = 14 subtract 3x from both sides .
SOy I0 3 N g ivide by — 2.1 ain
: y = —T7+3x

i The graphs of the linear functions, y = 3 — x and y =—7 + 3/3x can be determined
| by plotting only two points. For example, fory =3 —x, let x = 0, then y = 3. Let x
= 1, then y = 2. The two points on this first line are (0,3)and (1,2). Fory = —7 +

131
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3,x,letx =0, theny =—7. Letx = 1, then y = —51/,. The two pbints on this second
line are (0, — 7) and (1, =51/,).

To find the point of intersection P of

x+y=3 and 3x-2y=14,

solve them algebraically. Multiply the first equation by 2. Add these two equa-
tions to eliminate the variable y.

; 2x+2y= 6
3x-2y =14
S5x =20

Solve for x to obtain x = 4. Substitute thisintoy =3 —xtogety=3—-4=—1.Pis
(4, — 1). AB is the graph of the first equation, and CD is the graph of the second
equation. The point of intersection P of the two graphs is the only point on both
lines. The coordinates of P satisfy both equations and represent the desired solu-
tion of the problem. From the graph, P seems to be the-point (4, — 1). These coor-

dinates satisfy both equations, and hence are the exact coordinates of the point of
intersection of the two lines.

¥ . To show that (4, — 1) satisfies both gquations, substitute this point into both *
equations. A
Sy = =g 3x-2y = 14
4+(-1) = 3 34)-2-1) = 14
4-—1 =3 12+ 2 =14
=03 14 = 14
Example of an incons}stent y

system. Solve the equations 2x
+ 3y = 6 and 4x + 6y = 7 simul-
taneously.

We have 2 equations in 2
unknowns, '

2x+3y=6 (1)
and 4x+6y=17 2)

There are several methods to
solve this problem. We have
chosen to multiply each equa-

tion by a different number so that when the two equations are added, one of the
variables drops out. Thus

multiplying equation (1) by 2: dc+6y= 12 3)
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multiplying equation (2) by - 1: -4x—-6y= -7 4)

adding equations (3) and (4): =5
We obtain a peculiar result!

Actually, what we have shown in this case is that if there were a simultane-
ous solution to the given equations, then 0 would equal 5. But the conclusion is

impossible; therefore there can be no simultaneous solution to these two equa-
tions, hence no point satisfying both.

The straight lines whith are the graphs of these equ‘aﬁons must be parallel if
they never intersect, but not identical, which can be seen from the graph of these
equations (see the accompanying diagram).

Example of a dependent system. Solve the equations 2x + 3y = 6 and y =
— (#/3) + 2 simultaneously.

(=}

We have 2 equations in 2 unknowns.

2x+3y=6 . 7 : 1)
and y=—%A)+2 : (2

There are several methods of solution for this problem. Since equation (2) al-

ready gives us an expression for y, we use the method of substitution. Substitut-
ing — (2x/3) + 2 for y in the first equation:
(e

2x + 3(—-2‘:/3 + 2) =ieE6
Distributing, o 2x—2x+6 = 6
=6

Apparently we have gotten nowhere! The result 6 = 6 is true, but indicates no
solution. Actually, our work shows that no matter what real number x is, if y is

determined by the second equation, then the first equation will always be satis-
fied.

The reason for this peculiarity may be seen if we take a closer look at the
equation y = — (%/3) + 2. It is equivalent to 3y = —2x + 6, or 2x + 3y = 6.

In other words, the two equations are equivalent. Any pair of values of x
and y that satisfies one satisfies the other.

It is hardly necessary to verify that in this case the graphs of the given

equations are identical lines, and that there are an infinite number of simultane-
ous solutions of these equations.

A system of three linear equations in three unknowns is solved by eliminat-
ing one unknown from any two of the three equations and solving them. After

finding two unknowns substitute them in any of the equations to find the third
unknown.
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PROBLEM

o

Solve the system

2x+3y—4z=-38 (1)

X+ y—2z=-5 ‘ (2)

Tx—2y+5z=4 3)
SOLUTION

We cannot eliminate any variable from two pairs of cquatiohs by a single
multiplication. However, both x and z may be eliminated from equations (1) and
(2) by multiplying equation 2 by — 2. Then

2t+3y—4z = _8 . ‘ (€9)
-2x—2y+4z = 10 s “4)

By addition, we have y = 2, Although we may now eliminate eijther x or z
from another pair of equations, we can more conveniently substitute y = 2 in
equations (2) and (3) to get two equations in two variables. Thus, making the
substitution y = 2 in equations (2) and (3), we have~ e

XDz T : . ®)

Tx + 52

]

8 ' ©)

Multiply (5) by S and" multiply (6) by 2. Then add the two new equations.
Then x = — 1. Substitute x in either (5) or (6) to find z.

The solution of the system is x = — 1,y'=2, and z = 3. Check by substitution.

A system of equations, as shown below, that has all constant terms bybs. i
b, equal to zero is said to be a homogeneous system: : :

G v xS e
dyi%y (H BnXsl) dhishipias, x, = (='b, ;
Tat¥i GRS gy b

A homogeneous system always has at least one solution which is called the
trivial solution that is x; = 0, Xy = (00 = ()

For any given homogeneous system of equations, in which the number of
variables is greater than or equal to the number of equations, there are non-trivial
solutiong.

Two systems of linear equations are said to be equivalent if and only if they
have the same solution set.
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PROBLEM
Solve for x and y.
Xt 2y =i R sy
3x +4y =20 (2)
SOLUTION
Solve equation (1) for x in terms of y: 7
x=8-2y 3)
Substitute (8 — 2y) for x in (2):
: 38-2y) +4y =20 @)
Solve (4) for y as folloows:
Distribute: 24—6y+4y = 20 -
Combine like terms gnd then subtract 24 from both sides:
242y =179
24-24-2y = 20-24
-2y = -4
Divide both sides by — 2
y = 2
Substitute 2 for y in equation (1):
x+22) = 8
Xoi—iend
Thus, our solution is x = 4, y=2
Check: Substitute x = 4,y = 2 in equations (1) and (2):
s 4+22) = 8 :
% B t=8
il 34)+42) = 20
' 20 = 20
PROBLEM
Solve algebraically:
dx + 2y = —1 (1)
Sx—3y = 7 2)
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SOLUTION

We arbitrarily choose to eliminate x first.

Multiply (1) by 5: 20x+ 10y = -5 3t
Multiply (2) by 4: 20x—-12y = 28 4)
Subtract (3) — (4): 22y = —-33 : )
Divide (5) by 22: yi=330 0 —)_ a3/

To find x, substitute y = — 3/, in either of the original equations. If we use
Eq. (1), we obtain 4x + 2(—-3/;) =-1,4x -3 =—-1,4x =2, x = 1/,.

The solution (1/,, — 3/,) should be checked in both equations of the given
system.

Replacing (1/,, — 3/,) in Eq. (1):

i 4x+2y = -1 A
40 +2(=3) = -1
o3 =il e
- g gk
-1 = -1
Replacing (1, — 3/5) in Eq (2):
Sx—3y = 7
5(/)-3(=3) = 7
it = 7
Sl
7=7

(Instead of eliminating x from the two given equations, we could have

~eliminated y by multiplying Eq. (1) by 3, multiplying Eq. (2) by 2, and then

adding the two derived equations.)

Drill 4: Two Linear Equations
DIRECTIONS: Find the solution set for each pair of equations.

1 3x+4y=-2
x—-6y=-8
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(A) 2,-1)
D) 1,2

2 2x+y=-10

-2x-4yr‘=4 i

(A) (6,-2)

D) (2,6)

3.:0116xk Syi==14
3x-3y=9

@)y (=2

D) 21)

4 dri3y=o
2x—-2y=8

(A) (=3,1)

@) G,-1)

S X by =]
x—y=-3

@) 5,2

@) (-2,5)

6. 5x+6y=4
3x-—2y= 1

&) (3,6)

B 4

7. x-2y=7
x+y=-2

@ 27

8. 4x + 3y = 3

(A) (1/2,2/3)
(D) (-0.2,0.5)

@) (=2
(E) (-2,1)

(B) (‘ 6! 2)

- B ¢6,-2)

B) (1,2)
(E) (-1,2)

“®) 1,-3)

® 13

- (B) 5,2

(E) (2’ ey 5)

B (112, 1/4)
) (13,32)

B D)

® 1,-2)

(B) (~0.3,0.6)
(E) (0.3,0.6)

(@RI 202
(©) E2dey °
© @)
© @1
© @3
) 3,6
WO =T

@ @E 1)
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9.5 A oy

B8x+y=7
A) 0,7 (B) (2,-7) © (7,0)
D) 7,2 E) (0,2)
10.  6x-3y=1

—9%+5y=~1
Aa) a,-1) (B) (2/3,1) : ©) 1,273)
D) 1,1) ) B |

5. Quadratic Equations

A second degree equation in x of the typeax? + bx + ¢ = 0,a=0,aq, band ¢
are real numbers, is called a quad(ratic equation.

To solve a quadratic equation is to find values of x which satisfy ax? + bx +
¢ = 0. These values of x are called solutions, or roots, of the equation.

A quadratic equation has a maximum of 2 roots. Methods of solving quad-
ratic equations: '

A) Direct solution: Given x2—9 = 0.
We can solve directly by isolating the variable x:
x2=.9
Xx=%3

B) Factoring: Given a quadratic equation ax? + bx + ¢ = 0, a, b, c = 0, to factor

means to express it as the product a(x — ry) (x — r,) = 0, where rq and r, are the
two roots. '

Some helpful,hints to remember are:

) nrnp==f, .. .l .
b) =%, |
- [Gven@-Sx+a=0] ‘
Sincei;] +ry=-"b/,=— (S)/; = 5, some possible solutions are @3, 2)_, (4, 1) and

(5, 0). Also ryr, = ¢/, = %/ = 4; this equation is sdtisfied-only by the second pair,

sory =4, r, =1 and the factored form is x-4HEx-1=0.

If the coefficient of 2 is not L, it is necessary to divide the equation by this
coefficient and then factor. '

“Given 22— 12x + 16 = 0
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- PROBLEM

Dividing by 2, we obtain:
X2-6x+8=0

Since ry + ry = - b/, = 6, possible solutions are (6, 0), (5, 1),.(4.2), (3:3).
Also ryr; = 8, so the only possible answer is (4, 2) and the expression x? — 6x + 8
= 0 can be factored as (x - 4) (x - 2).

C) Completing the Squares:

If it is difficult to factor the quadratic equation using the previous method,
we can complete the squares. ;

Given x2—12x+ 8 = 0.

We know that the two roots added up should be 12 because r.1 +ry==8 =-
12/, = 12. Possible roots are (12, 0), (11, 1), (10, 2), (9, 3), (8,4), (7,5), (6, 6).

But none of these satisfy r,r, = 8, so we cannot use (B).
- To complete the square, it is necessary to isolate the constant term,
x2—12x=-8.
Then take !/, coefficient of x, square it and add-to both sides o

2 2
x2-12x+(——12-) =-8+(:1—2)
2 2

x2 —12% 436~ 8% 3628

Now we can use the previous method to factor the left side: rytr,=12,rr,
= 36 is satisfied by the pair (6, 6), so we have: :

(x—6)? = 28.
Now extract the root of both sides and solve for x.
| (x - 6) = V28 = +2+/7
x=227+6
So the roots are:

x=2\/7+6, x=-27+6.

Solve the equation x2 + 8x + 15 = 0.

SOLUTION

Since (x + @) (x + b) = x>+ bx + ax + ab=x2 + (a + b) x + ab, we may fac-
tor the given equation, 0 = x2 + 8x + 15, replacing a + b by 8 and ab by 15. Thus,
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a+b=8, and ab=15.

We want the two numbers a and b whose sum is 8 and whose product is 15.
We check all pairs of numbers whose product is 15:

(a) 1:15=15;thusa=1,b=15andab =15.
‘1 + 15 = 16, therefore we reject these values because a +b = 8.
(b) 3:5=15,thusa=3,b=5, andab=15.
345 =8. Therefore a + b = 8, and we accept these values.
Hencex?+ 8x+ 15=0 is.equivalent to
0=x2+(3+5x+3-5=(x+3)(x+5)
Hence, x+5=0o0orx+3=0

since the product of these two numbers is zero, one of the numbers must be zero.
Hence, x = — 5, or x = — 3, and the solution set is x = {-5,-3}.

The student should note that x = — 5 or x = — 3. We are certainly not making
the statement, that x = — 5, and x = — 3. Also, the student should check that both

these numbers do actually satisfy the given equations and hence are solutions.
. [ 3

Check: Replacing x by (- 5) in the original equation:

x2+8+15 =0
(-52+8(=5)+15 = 0
25-40+15 = 0
sl sitg

. 0=0

Replacing x by (— 3) in the original equation:
x2+8+15 =0

(-3)2%+8-3)+15=0 : 2
9-24+15 =0
-15+15 =0 St
Ois=20

PROBLEM

Solve the following equations by factoring.
(@a xx+3e =0 (c) z2-22-3=0
)y d  2m2-11m-6=0
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121

SOLUTION
(@ 2x2+3x=0. Factoring out the common factor of x from the left side of the
given equation, :
x2x+3)=0. >
Whenever a product ab = 0, where @ and b are aﬁy two numbers, either a = 0 or b \
= 0. Then, either =
50 on dx 1= : ; &
sl | | (
Sx = e C
Hence, the solution set to the original equation 2x2 + 3x = 0 is: {535.0) &
b)) y»2-2y-3 = ¥ — 3. Subtract (y — 3) from both sides 6f the given equation: ¢
¥=2y=3-_@-3) = y-3_(3-3) C
Yegyaaigim il g L ¢
~ f y2—2y‘~3-y+3=y—3_—y+3 C
. -3y = 0. E
Factor out a common factor of y from the left side of this equation: e
yo-3) = 0. C
Thus,y=0o0ry-3=0,y=3. C
Therefore, the solution set to the original equation y2 — 2y -3 =y— 3 is: {0,3}. @
(¢) z2—2z—3=0. Factor the original equation into a product of two polynomi- ~
als: . &
=223 =(2-3)@+1)=0 -
Hence? : _ :
_ @G- DEL1)=0.and z-3 G0 orE+ =D <
- z=13 z=-1 C
Therefore, the solution set to the original equationtzZ2= 27 =3 =0fs: (- 1,3]. .
() 2m? — 11m — 6 = 0. Factor the original equation into a product of two @
polynomials: -
2m2 ~11m—6 = @m+1) (m—6)=0 =
Thus, M e n«; ’ 1 okt e -
2m+1=0 or m-6=0
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2m=-1

m= _]/2

m==6

Therefore, the solution set to the original equation 2m? — 11m — 6 = 0 is {1/, 6}.

Drill 5: Quadratic Equations
DIRECTIONS: Solve for all values of x.

2=y — 18 = ()
(A) 4and-2
D)*L25nd 8

2o X2d20—3 =0
(A) —3and2
(D) —3and1

3.7 B2 g =N 1
(A) —3and5
(D) —2and-5

4. x2-8x+16=0
(A) 8and2
(D) ~2and4

5. 3x2+3x=6
(A) 3and-6
(D) 1and-3

6. x2+7x=0
(A);/7

(D) 0and7

i x2-25=0
(A) 5

(D) -5 and 10
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(B)
(E)

B)
(E)

(B)

(E)

(B)

(E)

(B)
€2)

(B)
(B)

(B)
(B)

4 and 8
)

2 and 1
=3

.2and5

1 and 16
4 and -4

2 and 3
land-2

Oand -7
0

Sand-5

©

©

©

©

©)

©

©

4

3and 1

—3and2

15 and 10 i |
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8. 2x? + 4x =16

(A) 2and-2 (B) 8and-2 (C) 4ands
(D) 2and -4 ¢ (E) 2and4

9: 6x2-x-2=0

(A) 2and3 " (B) 1/2and1/3
(D) 2/3and3 (E) 2and-1/3

(© —1/2and 23

10. 12x2+5x=3
(A) 1/3and-1/4 (B) 4and-3 (C) 4and1/6
(D) 1/3and-4  (B) -3/4and 13

6. Absolute Value Equations

The absolute value of a, | a |, is defined as:
|la|=awhena>0,|a|=-awhena<0,|a|=0whena=0.

When the definiffon of absolute value is applied to an equation, the quantity

within the absolute value symbol is considered to have two values. This value-
~can be either positive or negative before the absolute value i§ taken. As a result,

each absolute value equation actually contains two separate equations.
When evaluating equations containing absolute values, proceed as follows:
EXAMPLE

| 5—3x| =7 is valid if either

5-3x =7 or 5-3x = =7
b e
—3x =2 ' —-3x =-12 ~
o x=-23" x =4

The solution set is therefore x = (-2/3, 4).

Remember, the absolute value of a number cannot be negative. So, for the
equation | 5x + 4 | =~ 3, there would be no solution. i

EXAMPLE
Solve forx in |2x— 6| = |4 - 5x|

There are four possibilities here. 2x — 6 and 4 — 5x can be either positive or
negative. Therefore,
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2x—6

4 — S5x

: - (1)
S S S e @)
2Rt igin IGitC 3)

@6 @ @

. Equations (2) and (3) result in the same solution, as do equations (1) and
(4). Therefore, it is necessary to solve only for equations (1) and (2). This gives:

2x—6 = 4-5x or —(2x-6) = 4-5x
Tx =10 -2c+6 = 4-5x
3x =-2
‘ x = 10/7 = i
The solution set is (10/7, - 2/3).
‘Drill 6: Absolute Value Equations
1. |4x-2|=6 :
[ 3
Tl g [ieg o% ~1and?2 (€) 2
\,('5) 1/2 and -2 \.@E{ No solution
e i o3 I :
NA) — 8 and 20 (B) 8and—20 (C) 2and-5
\,(’15) 4 and -2 JE{ No solution -
3 e =12
&Y —13 and -1 . (B) -6and6 J(O):

(D) 6and—13

i

4. [SRI=7-=3

%’E{ No solution

—1and 13

. (B) 4/5and3 —2and 2
3 )2 ) No solution
S ‘ ém ‘ =9
4
(A) 24and-16 .,(ﬁ) 4/27 and — 4/3 (C) 4/3 and 12

\(9»)"—12and12

124
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7. Inequalities

An inequality is a statement where the value of one quantity or expression

is greater than (>), less than (<), greater than or equal to (=), less than or equal to
(=); or not equal to (=) that of another.

EXAMPLE
5>4,

The expression above means that the value of § is greater than the value
of 4. :

A conditional inequality is an inequality whose validity depends on the
values of the variables in the sentence. That is, certain values of the variables will
make the sentence true, and others will make it false, 3 — ¥ >3 + y is a conditional

inequality for the set of real numbers, since it is true for any replacement less
than zero and false for all others.

<o

- X +5> x+ 2isan absolute’inequality for the set of real numbers, mean-

ing that for any real value x, the expression on the left is greater than the expres-
sion on the right.

2 ‘

Sy < 2y +y is inconsistent for the set of non-negative real numbers. For any
y greater than O the sentence is always false. A sentence is inconsistent if it is
always false when its variables assume allowable values.

The solution of a given inequality in one variable x consists of all values of
x for which the inequality is true.

The graph of an inequality in one variable is represented by either d ray or a

line segment on the real number line. 5

The endpoint is not a solution if the variable is strictly less than or greater
than a particular value. o

EXAMPLE
¥>2 ittt T
e e R T [ R RS
'2 is not a solution and should be represented as shown.

The endpoint is a solution if the variable is either (1) less than or equal to or
(2) greater than of equal to, a particular value. ?

EXAMPLE

S5>x=2 =1

|
1
= O (R Rt

6 Tene 8

In this case 2 is the solution and should be represented as shown.
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Properties of Inequalities

If x and y are real numbers then one and only one of the following state-
ments is true,

x>y x=yorx<y.
This is the order property of real numbers.
If a, b and ¢ are real numbers:
A) Ifa<bandb < cthena <c.
B) Ifa>bandb>cthena > c. ‘
This is the transitive property of inequalities.

If @, b and c are real numbers anda > b thena + ¢ > b + ¢ anda—-c>b-—
c. This is the addition property of inequality.

Two inequalities are said to have the same sense if their signs of inequality
point in the same direction.

- by o

%% The sense of an inequality remains the same if both sides are multiplied or
divided by the same positive real number.
[ 2 - e ®ils

EXAMPLE -
4>3
If we multiply both sides by 5 we will obtain:
4x5>3x%x5
20> 15

The sense of the inequality does not change.

. The sense of an inequality becomes opposite if each side is multiplied or
divided by the same negative real number.

EXAMPLE -~ - - - o

4>3
If we multiply both sides.,by: 5 we would obtain:
4x-5<3x-5
-20< -15
The sense of the inequality becomes opposite.
If a > b and a, b and n are positive real numbers, then:

a">b"and a™ < b
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Ifx>yandg>pthenx +g>y+p.
Ifx>y>0andg>p > 0thenxqg > yp.

Inequalities that have the same solution set are called equivalent inequali-

ties. :
A
PROBLEM
Solve the inequality 2x + 5 > 9.

SOLUTION °
2x+5+(=5)>9 +(-95). Adding — 5 to both sides.
2x+0>9+(-95) s Additive inverse property
2x>9 +(-5) Additive identity property
2x>4 Combining terms
1/,(2x) > 1/, - 4 Multiplying both sides by /5.
x> 2 :

The solution set is
X={x|2x+5>9}
= |s > 2}
(that is all x, such that x is greater than 2).

PROBLEM

< Solve the inequality 4x + 3 < 6x + 8.

- SOLUTION

In order to solve the inequality 4x + 3 < 6x + 8, we must find all values of x
which make it true. Thus, we wish to obtain x alone on one side of the inequality. .

Add - 3 to both sides:

4x+3 <6x +8
-3 -3
dx<6bx+5

Add — 6x to both sides:

4x < 6x + 5
— 6x — 6x
—-2x < 5

In order to obtain x alone we must divide both sides by (- 2). Recall that "

dividing an inequality by a negative number reverses the inequality sign, hence
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2Pe S

_—

=27
Cancelling —%/_, we obtain, x > — 5/,.

Thus, our solution is {x: x> —5/,} (the set of all x such that x is greater than
—3/5).

Drill 7: Inequalities
DIRECTIONS: Find the solution set for each inequality

11 3Im+2<7 :

S iz B ) © m=<2
UB) m>2 \Sm/m-:%
A 2. oI/zx—BSI = i
\,@() —4<x<8 ) x2-8 ‘(6 x <8
@) 2<x=<8§ . (B x>8

3.0 =3p+1216

A p2-5 ® p22L ) pz=le

) b5 B p>s
—6<2/3r-_l-65 2

4, e
t/(40(—6<«rs—3 (‘B{—18<r5~'—.6 (@) r?.—é

.(D) -2<r<-4, B ;< 6 7
B S50 yics . i
VG(-_) Samy=2 /«@)f —4<y<0 % —4<y<-2
D) -2<y<4 - E 0<y<4 . _

8. Ratios and Proportions

The ratio of two numbers x and y written x : y is the fraction x / y where y #
0. A ratio compares x to y by dividing one by the other. Therefore, in order to
compare ratios, simply compare the fractions.
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A proportion is an equality of two ratios. The laws of proportion are listed

below:
If a/b = ¢/d, then
: (A) ad=bhc :
(B) b/a=d/c
€) " ale=b/d

(D) (@a+b)b=(c+d)d
(E) (a-b)b=(c-d)d

Given a proportion a : b = ¢ : d, then a and d are called extremes, b and ¢
are called the means and d is called the fourth proportion to a, b, and c.

PROBLEM
Solve the proportion £+—]‘-= —1-2
4 12
_«SOLUTION .

Cross multiply to determine x; that is, multiply the numerator of the first
fraction by the denominator of the second, and equate this to the product of the
numerator of the second and the denominator of the first.

x+1)12 = 4-15_
12x+ 12 = 60
=

PROBLEM

Find the ratios of x : y : z from the equations

Tx =4y + 8z, 3z=12x+ 11y. : o ¥

SOLUTION

By transposition we have P 20t
Tx—4y—-8z=0
12x+ 11y -3z =0.

To obtain the ratio of x : y we convert the given system into an equation in
terms of just x and y. z may be eliminated as follows: Multiply each term of the
first equation by 3, and each term of the second equation by 8, and then subtract
the second equation from the first. We thus obtain:
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21x-12y-24z = 0
—(96x + 88y — 242 = ()
— 75x — 100y =0
Dividing each term of the last equation by .25 we obtain
-3x—-4y = 0 et
or, —3x = dy.
Dividing both sides of this equation by 4, and by — 3, we have the propor-
tion: :
LD
4 -3

We are now interested in obtaining the ratio of Y 2. To do this we convert
the given system of equations into an equation in terms of just y and z, by elimi-
nating x as follows: Multiply each term of the first equation by 12, and each term

of the’second equation by 7, and then subtract the second equation from the first.
We thus obtain: i

84x-48y—-96z = 0 .
—484x + 77y - 21z = ()
=125y -75z = Q.
Dividing each term of the last equation by 25 we obtain
53—
or, . =3z =5y, : £
Dividing both sides of this equation by 5, and by — 3, we have the propor-
tion: iR
Loz
5 =3 ¢ ;

From this result and our Pprevious result we obtain:

i) ez

as the desired ratios.

Drill 8: Ratios and Proportions

il Solve forn :

(2\) 10 (B) 8 © 6 o) 25 B) 2

=
n
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Algebra Review

2 Solve for n: ~2- LU
S 70

Ay 12 (B) 48 (C) 64 (D) 56 (E)° 24

3. Solve forn: n:12=3:4.
O e e

S (A) 8 (B) 1o (&) 9 (D) 4 (E) 10
4. Four out of every five students at West High take a mathematics course. If
the enrollment at West is 785, how many students take mathematics?
A) 628 (B) 157 (@) 705 (D) 655% (B) 247
5 At a factory, three out of every 1,000 parts produced are defective. In a

day, the factory can produce 25,000 parts. How many of these parts would
be defective? '

A) 7 (.B{ 75 (C) 750, =, (D)) 750005 (E) 195,000

6. A summer league softball team won 28 out of the 32 games they played.
What is the ratio of games won tp games played?

=)
(A) 4:5 (B) 3:4 =28 (D)et2:3 (B)' 1:8
7. A class of 24 students contains 16 males. What is the ratio of females to

males?
{A) 1502 B) 20 (E). 23 (B 3ea1 (E) 32

8. A family has a monthly income of $1,250, but they spend $450 a month on
rent. What is the ratio of the amount of income to the amount paid for rent?

(A) 16:25 (B) 25:9 (C) 25:16 (D) .9%255. (B) 6 0o

9. A student attends classes 7.5 hours a day and works a part-time job for 3.5

hours a day. She knows she must get 7 hours of sleep a night. Write_the
ratio of the number of free hours in this student’s day to the total number of
hours in a day.

@il -3 By 43 = (€) 8:24 (D) -9 B -—S5<12

\
10. In a survey by mail, 30 out of 750 questionnaires were retirned. Write the

ratio of questionnaires returned to questionnaires mailed (write in simplest
form).

B 30 By 24:25 (C) 3i75 @), 1R NE) Soos
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Drill 1-—Operations With Polynomials

S S e

(B)
©

©)

(D)
(A)

ALGEBRA DRILLS

ANSWER KEY

6.
s
8.
9
10.

(B)
©
(E)
(A)
(D)

Drill 2—Simplifying
Algebraic Expressions

AT

©,

(D)
(B)
A
®)

6.
7.
8.
9:
10.

Drill 4—Two

Linear Equations

S e

Drill 6—Absolute

(B)
(B)
(A)
(D)
©

6.

A

8.
9.
10.

Value Equations

1

>

a3

(B)

@y o =

(A)

4.
5.

t4B)
(E)~-
(B)
(A)
®B)

(B)
D)
(B)
4
(B)

(O omaes

(D).

1
2
A
4
S

T2 (€)
12.  (B)
13 (B
14.  (A)
15: 1d(D)
Drill 3—Linear
Equations
©
{A)

(E)

(D)

(B)
Equations
1A
2 (D)

3 (B
s (e
SRR,

16.
17
18.
19.
20.

Drill 5—Quadratic

=0 0 N o

s 10.

©
®)
()
(B)
(B)

e
(B)

(D)
© -
(B)

Drill 7—Inequalities

il

2
3

(E)

(G

(D)

Drill 8—Ratios and Proportions .

1
2.
3
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‘Algebra Glossary

GLOSSARY: ALGEBRA

Abscissa ;

The x (horizontal) value of a point in the Cartesian plane.
Absolute Inequality

An inequality that is true for all values of all variables.
Absolute Value

The numerical value of a number without regard to sign (i.e., it is always
nonnegative).

Additive Property of Inequalities
The property that states that, if a < b, then (a+c) < (b + ¢).
Algebra

The study of using letters to represent arbitrary numbers for the purpose
of stating results in greater generality.

Binomial

An expressmn consisting of two terms. *
Cartes:an Coordinates :

Ordered pairs of numbers assigned to points in the Cartesian plane.
Cartesian Plane

A two-dimensional grid used for graphically placmg ordered pairs of
reals relative to one another.

Closed Interval
An interval that contains its endpoints.

Coefficient

The number that multiplies a variable. If a variable is-written alone, then
the coefflc:lent is assumed to be 1.

Tt -

Completing the Squares

A method of factoring quadratic equatidns by adding and subtracting an
-appropriate quantity.

Complex Numbers

The sum of a real number and an imaginary number, i.e., a + bi, where a
and b are real and i2 = - 1.

Conditional Inequality

An inequality whose validity depends on the values of one or more
variables.

<
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Constant
A variable that takes on only one fixed value.

Coordinate Axes

Two perpendicular lines (the x-axis and the y-axis) used for placing or-
dered pairs of reals relative to one another.

Dependent Equation
Equations with the same solution sets. /’

Equal Sets
Sets that contain the same members.

Equations

The statement that two expressions are equal. These expressions may
depend on one or more variables. ;

Equivalent Equations
- Equations with the same salution sets.

Equivalent Inequalities
Inequalities with the same solution sets.

Equivalent Sets -
Sets that have the same number of elements.
Expression

A collection of terms joined by addition, subtraction, multiplication, or
division. When all variables are given numerical values, the expression
also has a numerical value.

Factoring

Finding a set of expressions whose product is the given expression. To
factor the quadratic equation ax? + bx + ¢ = 0 is-to find r1, 2 such that a(x —
ry) (x—17) = 0,

Greatest Common Factor

il The largest number that has the property that, when any of a group-of-
numbers is divided by it, the result is an integer.

Half-Open Interval
An interval that contains one of its endpoints. =~ - ———

Im_aginai‘y Numbers

Numbers of the form bi, where b is real and i2 = — 1.
Inconsistent Inequality ¢ :

An inequality that is false for all values of all variables. 5
Inequality :

The statement that two expressions are not equal or that one exceeds the
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other in numerical value or that one is at least as large or small in
numerical value than the other.
Least Common Multiple

The smallest number that results in an integer regardless of which of a
given set of numbers it is divided by.

Linear Equation

An equation in which the exponent of each variable is 1. When plotted,
the solution set forms a straight line in the Cartesian plane.

Monomial
An expression consisting of one term.

.Null Set

A set with no elements or members.
Open Interval
An interval that contains neither of its endpoints.

Ordered Pair

A pair of elements of the form (x, y), in which the order is specified. Thus
(x, y) in general is not the same as (y, x). :

Ordinate : A
The y (vertical) value of a point in the Cartesian plane.

Origin ”
The intersection of the two coordinate axes. The origin corresponds to the
_ ordered pair (0, 0). . 2
Polynomial

An expression consisting of at least two terms.
Prime Factor '

A factor of an expression that is prime. That is, it has no factors other
than itself and 1.

- Quadrants

The four regions of the Cartesian plane, which are separated from each
other by the coordinate axes. In the first quadrant, x > 0 and y > 0. In the
second quadrant, x < 0 and y > 0. In the third quadrant, x <0 and y < 0. In
the fourth quadrant, x > 0 and y < 0. :

Quadratic Equation
An equation of the form ax? + bx + ¢ = 0 (the highest power is 2).
Ratio

A comparison of two numbers expressed by dividing one by the other.
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Reciprocal : ;
The number 1 divided by a given number.
Sense

The direction of an inequ‘.ality. The sense is preserved if the inequality is

multiplied by a positive real, but it is reversed if the inequality is multiplied
by a negative real.

Solution ¢

A set of values for the variables in an equation or inequality (one value
per variable) that makes the equation or inequality true,

Solution Set

The totality of solutions to a given equation or inequality.

c

Term

An expression involving variables, exponents, and coefficients.
Trinomial

An expression consisting of three terms. =
Universal Set

The set containing all elements under consideration. _ -
Variable :

A letter used to represent an arbitrary numbes.
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